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Abstract. This note shows the compatibiUty of the differential geometric and 
the topological formulations of equivariant characteristic classes for a compact 
connected Lie group action. 



Suppose G and S are two compact Lie groups, and P and M are manifolds. A 
principal G-bundle tt : P — > M is said to be S- equivariant if S acts on the left on 
both P and M in such a way that 

a) the projection map tt is S-equi variant: 

7r(s.p) = s.tt{p) for all s G S* and p E P; 

b) the left action of S commutes with the right action of G: 

s.{p.g) = (s.p).g for all s £ 5, p G P, and g Cz G. 

An S'-equivariant principal G-bundle n : P ^ M induces a principal G-bundle 
TTs : Ps — > Ms over the homotopy quotient Ms- In the topological category, the 
equivariant characteristic classes oi P ^ M are defined to be the corresponding 
ordinary characteristic classes of Ps Ms- Thus, the equivariant characteristic 
classes are elements of the equivariant cohomology ring Hg{M)- 

There is also a differential geometric definition of equivariant characteristic classes 
in terms of the curvature of a connection on P However, there does not 

seem to be an explanation or justification in the literature bridging the two ap- 
proaches. The modest purpose of this note is to show the compatibility of the 
usual differential geometric formulation of equivariant characteristic classes with 
the topological one. We have also tried to be as self-contained as possible, which 
partly explains the length of this article. 

Let us first recall the situation for ordinary characteristic classes. Here the 
famous Chern-Weil construction represents the ordinary characteristic classes of a 
principal G-bundle tt : P ^ Af by differential forms as follows. Fix a connection 
on P. Then its curvature K is a 2-form on P with values in the Lie algebra 
g of G. For each Ad G-invariant polynomial / on g, one shows that f{K) is a 
basic form on P and so is the puUback 7r*A/ of a form Aj on M - Moreover, A/ is 
closed and the cohomology class of A/ in H*{M) is independent of the connection. 
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The characteristic class Cf{P) of P associated to / is the cohomology class [A/] G 
H*{M). 

For an S'-equivariant principal G-bundle P — > M, the equivariant characteris- 
tic classes live in the equivariant cohomology ring Hg(M). Since the equivariant 
cohomology of M is the cohomology of its Cartan model, it is natural to ask if 
equivariant characteristic classes can be constructed in the Cartan model out of 
the curvature of a connection on P. 

This is indeed possible. Assume that the Lie group S is compact connected with 
Lie algebra s. Then there exists an S*- invariant connection O on the ^-equivariant 
principal G-bundle ir : P M . Let K be the curvature form of the 5'- invariant 
connection 6. For each X e s, define Lx : P — » g by Lx = —t-xQ- We will 
show that the equivariant characteristic class associated to an Ad(G)-invariant 
polynomial / on g is represented by f{K + Lx) in the Cartan model. In terms 
of a basis Xi, . . . , Xi for s and dual basis ui, . . . ,ue for s*, this element is f{K + 
Y^UiLx,)- 

The outline of the proof is as follows. Since the total space ES of the universal 
5'-bundle is not a manifold, the first obstacle in a differential geometric treatment of 
equivariant characteristic classes is that neither Ps nor Ms are manifolds. Nonethe- 
less, by approximating ES by finite-dimensional manifolds ES{r), r = 1, 2, . . . , we 
can approximate the homotopy quotients Ps and M5 by the manifolds 

P'' := ES{r) xs P, AP := ES{r) Xg M. 

The natural map 

T-.P''^ 

[x,p] [x,tt{p)], X e ES{r), p £ P 

is again a principal G-bundlc and is a finite-dimensional approximation to Trg : 
Ps ^ Ms. 

On the principal G-bundle ES{r) x P ^ ES{r) x M we are able to write down 
a connection which is basic with respect to the 5-action. This connection then 
descends to a connection Sj. on P'' — > AP. By computing explicitly the curvature 
Kr of the connection 2^, it is easy to determine the element of the Weil model of 
Hg{M) that restricts to the characteristic classes [f{Kr)] G H*{M^) for all r. Using 
the Mathai-Quillen isomorphism between the Weil model and the Cartan model 
([lO[|), we can then write down the element of the Cartan model that represents the 
equivariant characteristic class c/(P). 

Notations. Since there are two groups acting on P, we need to be careful to 
distinguish between them. A general element of S will be denoted s, and a general 
element of G will be denoted g. Let is and Vg denote left multiplication by s 
and right multiplication by 5, respectively. The dimension of S will be I and the 
dimension of G will be n. A basis for the Lie algebra s of 5 is Xi, . . . , AT^ , and a 
basis for the Lie algebra g of G is ei, . . . , e„. We denote by F = Yp the fundamental 
vector field on P corresponding to y g s under the S'-action, and by Z* = Zp the 
fundamental vector field on P corresponding to Z G g under the G-action. 

1. Equivariant Cohomology 

We begin with a rapid review of the basic constructions of equivariant cohomol- 
ogy- 



EQUIVARIANT CHARACTERISTIC CLASSES IN THE CARTAN MODEL 3 

Suppose M is a CW-complex on which a Lie group S acts on the left. We call 
such a space an S-space. Let tt : ES — > BS be the universal S-bundle over the 
classifying space BS. Then the total space ES is a contractible space on which S 
acts freely on the right. Thus, ES x M is a space with the same homotopy type as 
M, and S acts freely on ES x M by the diagonal action: 

(e, x).s = (es, s~^x), for e G E,x G M,s & S. 

The quotient space {ES x M)/S, denoted ES Xg M or Ms, is called the homotopy 

quotient of M by S. 

Definition. The equivariant cohomology Hg{M) of M under the action of S is 
the singular cohomology of the homotopy quotient Mg- 

One may compute equivariant cohomology with any coefficient ring. Since we 
are interested in manifolds and differential forms, we will take the coefficient ring 
to be R. 

The homotopy quotient of a point is the classifying space of S, since 

(pt)5 = {ES X pt)/^ = {ES)/S = BS. 

Hence, the equivariant cohomology of a point is the ordinary cohomology of the 
classifying space BS. 

A map f : M ^ N oi S'-spaces is S-equivariant or an S-map if f{s.x) = s.f{x) 
for all a; in M. An S-equivariant map f : M ^ N induces a map fs ■ Ms Ns of 
homotopy quotients and therefore a homomorphism in equivariant cohomology: 

rs : H*s{N) ^ H*s{M). 

Since every S-space M has an S-equivariant map / : M ^ pt, there is a ring 
homomorphism 

fs : H*s{vt) - H*s{M). 

Thus, the equivariant cohomology ring Hg{M) is a module over H*{BS). 

In summary, for a fixed Lie group S, equivariant cohomology is a contravariant 
functor from the category of S-spaces and S-maps to the category whose objects 
are rings that are simultaneously if * (BS)-modules and whose morphisms are ring 
homomorphisms that are simultaneously H* (SS)-module homomorphisms. 

2. The Weil Model 

As before, let S be a Lie group acting on a space M. When M is a manifold 
and the action is C°°, we might ask whether it is possible to compute equivariant 
cohomology using differential forms, just as the de Rham complex of M computes 
its singular cohomology with real coefficients. The Weil model and the Cartan 
model answer this question affirmatively. 

Let Xi, . . . , Xd be a basis for the Lie algebra s of the Lie group S. The Lie 
algebra structure of s is completely specified by its structure constants c-j- , defined 

by 

e 

[Xi,xj] = j24Xk. 

fe=l 
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Suppose that a Lie group S acts on a manifold P. Then each Y in the Lie algebra 
s defines a fundamental vector field Y = Yp on P as follows: for p G P, 

e~*^.p if S acts on P on the left; 

t=o 

p.e*^ if S acts on P on the right. 

t=o 

If S acts on the left on P and ip : S ^ P is the map ip{s) = s.p, then Yp = 
F); similarly, if S" acts on the right on P and ip{s) = p.s, then Yp = {ip)^{Y). 
Our choice of signs ensures that the construction of fundamental vector fields is a 
Lie algebra homomorphism, whether the group S acts on the left or on the right: 

for X,Y Gs, 

(1) [X,Y]-=[X,Y]. 

Recall that a connection on a principal S'-bundle tt : P ^ M is an s-valued 
1-form w on P such that 

a) if Yp is the fundamental vector field on P associated to F G s, then u){Yp) = 
Y, and 

b) if is right translation hy s G S, then r*ui = {Ads~^)co. 
In terms of a basis Xi,. . . ,X(, for the Lie algebra 5, 

a; = y^cJjXj, 

where LJi,... ,L0(^ arc real- valued 1-forms on P. In differential geometry one shows 
that the connection forms oji and the curvature forms f2j satisfy the equations 

1) dhJi + \ J2j,k '^jk'^j A Wfc = f^i, 

2) dCti = J2j,k cik^jAuJk- 

For differential forms w = ^ oJiXi and r = ^ Tj^j with values in the Lie algebra 
S, we introduce the notation 

[t^. = ^ A Tj [Xi , Xj] . 

Then we may rewrite 1) and 2) as 

1') du! + ^[0J,U}] = fl, 
2') dfl = [fl,w]. 

The Weil algebra W{s) of the Lie algebra s is defined to be the tensor product 
of the symmetric algebra and the exterior algebra of s*: 

W{5) = 5*(s*)(g)A*(s*). 

Fix a basis Xi, . . . ,Xi for s. To distinguish the elements of S*{s*) from those in 
A*(s*), we will write the dual basis for s* in S*(s*) as ui, ... ,ui, and the dual 
basis for s* in A*(s*) as ^i, . . . , 6e. We give the Weil algebra a grading by 

degMj = 2, deg6'i = l. 

Define the Weil differential on W{s) to be the antiderivation d such that 

j,k j,k 

For each X G s, define an antiderivation lx on W{s) by 

Lxdi = Oi{X), bxUi = 0. 
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Finally, define the Lie derivative Lx on W{5) by the formula 

Because the de Rham complex i7*(M) of the S'-manifold M also has these oper- 
ators d, Lx and Zx, the tensor product W{s) (^Q*{M) inherits the same operators 
in the usual way. An element a of Wis) ® r2*(M) is said to be basic if 

Lxct = and iixct — 0. 

The first condition says a is horizontal, and the second says a is invariant. It is 
easily shown that if a is basic, then so is da. Hence, the space of basic forms, 
Basic(W(s) ® r2*(Af)), is a differential complex under d. 

Theorem 1. Suppose a Lie group S acts on the manifold AI . Then 

H*{Bsisic{W{s) n*{M))} ~ H*s{M). 

We call the differential complex Basic(W^(s) (X) f2*(M)) the Weil model for the 
equivariant cohomology of M under the action of S. 

3. The Cartan Model 
An element of the Weil model is a finite sum 

Q = a + ^ 9iai + ^ OiOjOij H h 6'i . . . 6'„ai...„, 

where a, ai,aij, - ■ ■ € S*{s*) ® J7*(Af). We now write for LXi- The horizontality 
condition implies that 

and in general, 

(2) a^l...^, = (-l)''t,,a»,. 

By induction, all the coefficients aj of a horizontal form a are determined by a £ 

s*{s*)(g)n*{M). 

The Lie group S acts on the symmetric algebra S*{5*) by the coadjoint repre- 
sentation and on n*{M) by pulling back forms. Hence, S also acts on the tensor 
product S*{5*)'S>n*{M). We denote the invariant subspace by {S*{5*)^n*{M))'^ . 

It follows from (||) that every element of Basic(VK(s*) ® 51* (Af)) can be written 
in the form 

(3) a = a - ^ diLiG + ^^{9.iLi){0jLj)a - . .. 

(4) = {1 - 9iLi) . . . (1 - 6ntn)a 
for a unique a e {S*{s*) ® f7*(M))^. 

Theorem 2. There is an isomorphism, called the Mathai-Quillen isomorphism, 
Basic(H/(s*) ® n*{M)) ^ {S*{s*) n*{M)f, 
a H-j- a (as in Eq. (||)) 
(1 - 6*111) ... (1 - 0nhi)a ^ a. 



6 



RAOUL BOTT AND LORING W. TU 



Under this isomorphism, the Weil differential d corresponds to the Cartan differ- 
ential 

dca = da — UiUia 

on {S*{s*)^Q.*{M)f. 

Thus, the diflFerential complex {{S* {s*) ®Vt* {M)Y ,dc} also computes the equi- 
variant cohomology Hg{M). It is called the Cartan model of Hg{M). 

For a circle action on M, wc fix an clement Xi ~ X ^ Lic(S'^) and choose 9 to 
be its dual 1-form. Since is abelian, its coadjoint representation on S*{b*) is 
trivial. Hence, the Cartan model is W{M)^ [u]. The element of the Weil model 
corresponding to the element a in the Cartan model is 

a = a-6ixa, a e fl*{M)^\u\. 

4. Fundamental Vector Fields of the S'-Action 

Let TT : P — *■ M be an 5- equi variant principal G-bundle. By hypothesis, S acts 
on the left on P, and G acts on the right on P, and the two actions commute. 

Proposition 3. For X E s, let X = Xp be the fundamental vector field corre- 
sponding to X under the S-action. Then X is invariant under G and transforms 
by the adjoint representation under S; more precisely, 

i) forg€G,rg4X) = X; 

ii) for s G S, - ((Ads)X;. 

Proof, i) Let ip : S ^ P he the map ip{s) = s.p. Then rg oip = ipg. Hence, 
rg^^Xp — rg:^iip^{^ — ^pff* ( — ^p9' 

ii) For s,tGS, 

£s o ip{t) = stp = sts~^sp = igp o Cs{t). 

where Cs{t) = sts~^ is conjugation by s. Then 

(•^s)*-^p — •^s*^p*( X^ = X^ = (Ad s)-X^) 

= {{Ad s)X%p. 

□ 

If w is a differential form on P and X is an element of the Lie algebra s, we 
define lxi^ to be the contraction tjj-ui, and to be the Lie derivative Ljj-ui. 

5. The g- Valued Function Lx 

Recall that a connection on the principal G-bundle P — > M is a g-valued 1-form 
6 on P satisfying the two conditions: 

i) 0(Zp) = Z \i Z E Q and Zp is the fundamental vector field on P associated 
to Z by the G-action, 

ii) r*g@ = (Ad 5-1)6 for all g&G. 
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Fix a connection Q on the S'-equivariant principal G-bundle n : P ^ M . For 
X e s, define the function Lx '■ P ^ Q^y 

Lx{p) ■■= -{ixQ){p) ■■= -%{Xp). 
When the principal G-bundle P ^ M is 5-equivariant, we say that the connec- 
tion Q is S -invariant if the Lie derivative XLx© — for all X ^ s. This is equivalent 
to = 8 for all s G S*. The compactness of S allows us to average any connection 
Q over S to obtain an 5-invariant connection 

/ t.Qds. 
Js 

Since characteristic classes are independent of the connection, we may assume from 
the outset, if we like, that the connection O is 5'-invariant. 

Proposition 4. i) // Q is any connection on P , then for g Cz G, f'*Lx = 
{kdg-^)Lx. 

ii) // the connection Q is S -invariant, then for s G s, i^Lx = i(Ads-i)x- 

Proof, i) By Lemma ^(i), the vector field X is right-invariant under G. Thus, for 
p £ P and g e G, 

Lxipg) = -QpgiXpg) ^ -Opgirg^Xp) = ~{r*gepg){Xp) 

= -(Adg-i)ep(Xp) - {Adg-')Lx{p). 



ii) 

iCLxKp) ^ Lxisp) ^ -OspiXsp) 

= -e,p(4*((Ad s-')Xjp) (by Prop. |(ii)) 

= -£:e,p(((Ads-i)x);) 

= -9p(((Ads"^)X)p) (by the S'-invariance of 6) 

= ^(Ads-i)X- 



□ 



Although the connection is S'-invariant, Prop, ^(ii) shows that the function Lx 
is not 5-invariant. Indeed, on the Lie algebra level, we have the following identity. 

Proposition 5. // Q is an S-invariant connection on P and X,Y G s, then 

^yLx = L[Y,X]- 

Proof. 

LyLx = -HY^iX) 

= —{LyQ){X) — Q{LyX) (derivation property of the Lie derivative) 

= -e([F, X]) (by the 5-invariance of 6) 

= -&{[¥, X]-) (byEq. (0)) 



□ 



If Xi, . . . , Xi is a basis for the Lie algebra 5, we write Li and Li for LXi and Lx^, 
respectively. 
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6. The Curvature of a Connection 

The curvature of a connection on a principal G-bundlc P ^ M is given by 
the well-known formula: 

K = de + i[e,e]. 

In case G is a matrix group, this is equivalent to 

K = de + e AQ. 

By the equivariance property of a connection, it is easily checked that under right 
translation rg by an element g in G, 

r;K={Adg-')K. 

In the terminology of Kobayashi and Nomizu (0), this shows that X is a "pseu- 
dotensorial 2-form of type Ad G" , and hence 

K e n^{M,AdP). 

In general, we can identify il'^(M, AdP) with the space of horizontal g- valued 
fc-forms a on P satisfying 

Thus, for any connection O on an S'-equi variant principal bundle n : P ^ M and 
for any X £ s, 

Lx en^iM,AdP), e en\M,AdP), Ken^{M,AdP). 

A connection on a principal bundle induces a covariant derivative on all asso- 
ciated bundles. In particular, the connection Q on the principal bundle P M 
induces a covariant derivative D on the adjoint bundle: 

D : n''{M,AdP) ^ n''+\M,AdP), for aU fc = 0, 1, 2, . . . . 

It is known that the covariant derivative D on ft'' (Af, Ad P) is given by the formula 

Da = da + [O, a]. 

Proposition 6. Let P M be an S-equivariant prineipal G-bundle, Q an S- 
invariant connection on P, and K the curvature form ofQ. For X,Y £ s, 

i) LxK = DLx =dLx + [e,Lx]. 

u) iyl-xK = [Lx,Ly] - L[x.Y]- 

Proof, i) Applying lx to both sides of 

K = de + ^[e,e], 

we get 

ixK = LxdQ + i[txe, 6] - i[e, ixQ] 

= £x6 - dbxQ - ^[Lx,6] + ^[6,Lx] (because Lx = uxd + dbx) 

= dLx + [0, Lx] {^xQ — since Q is S'-invariant). 

This last expression is precisely the covariant derivative DLx of Lx induced by 
the connection 0, where we view D as a map from f2°(M, AdP) to f2^(M, AdP). 
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ii) 

LYixK = LvidLx + [Q,Lx]) (by Part (i)) 

= {Ly - diY)Lx + [iyO, Lx] 
= ^yLx — [Ly,Lx] 

^ L[y,x] + [Lx,Ly] (Prop.|) 
= [Lx,Ly] ~ L[x,Y]- 

□ 

7. The Circle Case 

At this point, we speciahze to a circle action, not because of any logical necessity, 
but because when S is the circle S^, the computation is simpler and the ideas 
of the proof are more transparent. In the circle case, the approximating bundle 
ES{r) BS{r) is the Hopf fibration 3^"^+^ CP''. 

We view the sphere 5^''+^ as the unit sphere in C^^. Then acts on 5'^''+^ 
on the right by scalar multiplication: 

z.t = {zq, ... , Zr).t = {tZo, . . . , tZr), t G , Z G S'^^'^^ . 

Clearly, the stabilizer at each point z € g'^r+i jg -(-j^g identity, so this is a free action. 
Fix a nonzero element X in s = Lie(S'"'^) and let X := Xs2r+i be the fundamental 
vector field on S'^^^^ associated to X. Let 6* be a connection for the S'^-bundle 
g2r+i _^ ^pr_ gjj^gg gi jg abelian, 

r*9 {Ad s-^)9 ^ 9. 
So the connection 9 is S*- invariant. In particular, 
(5) iix9 = 0. 

Moreover, since fixing X amounts to choosing an isomorphism Lie(S'^) ~ M under 
which X corresponds to 1, 

Lx9 = 9{X) = 1. 

7.1. Induced Connection and Curvature on P^ Af. Let P M be an 

5 ^-equi variant principal G-bundle with an S'^-invariant connection 0. In the circle 
case, we fix an element X e Lie(S'"'^) and abbreviate Lx ■= — tx© as L. 
We approximate the homotopy quotients Pgi and A/51 by 

pr ._ g2r+l p j^jr ._ g2r+l ^ j^,p 

Then the principal G-bundle P^ Af is a finite-dimensional approximation to 
P51 — > Msi ■ Instead of finding directly a connection on P"^ — ^ Af", we will construct 
a connection on 5^*"+^ x P ^ g2r+i ^ ^^^^^ jg i^g^gj^, -v^ith respect to the S'^-action. 
It will then descend to a connection on P^ Af. 

Proposition 7. The g-valued 1-form 

5 = l®e + 6'(g)L 

on S'^^'^^xP is a connection form for the principal G-bundle S^'^^^xP S'^^^^xM 
and is basic with respect to the circle action on S^'~^^ x P. 

Proof. Since L and Q are g-valued and 9 and 1 are scalar- valued, S is a g-valued 
1-form on 3^''+^ x P. 
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i) U Z E g and Zp is the fundamental vector field on P associated to Z under the 
G-action, then (0, Zp) is the fundamental vector field on 5'^''+^ x P associated 
to Z. Hence, 

S(0, Z*p) ^ {Kg, e + 6 (g) L){0, Z*p) ^ Q{Z*p) = Z. 

ii) Right-equivariance: For g E G, 

r*S = f (g) r*e + (r*6') ® r^L 

= l®{kAg-^)Q + e®{kAg-'^)L 

= {kdg-^){l®Q + e®L) ^ (Ad.g-i)5. 

Hence, S is a connection on x P ^ 5^'+^ x A4. 

To prove that S is basic with respect to the S'^-action, we check the horizontality 
condition = and the invariance condition Cjx^ — 0. 

iii) Horizontality: 

Lx^^ Lx{l(gQ + 0®L) 

= f (g) LxQ + [lxO) ®L-e® LxL 
= -f(g)L + f®L = 0. 

iv) Invariance: 

Lx'E. = Lx{l®Q + 0(gL) 

^ 1 (g LxQ + i^ixe) g)L + eg) LxL. 

In this sum, LxO = and LxQ = because both connections 6 and 8 are S^- 
invariant (Eq. (|^)); moreover, by Prop. ^, 

LxL — LxLx — L[x,x] — 0. 
Hence, Lx'^ = 0. □ 

SoS = l®e + 6'®L descends to P"" ^ S^'^+i x^i P, i.e., if a : 3^''+^ x P ^ P'' 
is the projection, then S = a*S' for some g-valued 1-form S' on P''. From the 
following lemma, it follows that S' is a connection for r : P'' — > AP. 

Lemma 8. Let G he a Lie group with Lie algebra q and tt : P ^ M , tt' : P' ^ M' 
two principal G-hundles. Suppose there is a G-equivariant submersion a : P ^ P' 
and Q' is a Q-valued 1-form on P' . Then a*Q' is a connection for n : P M if 
and only if Q' is a connection for vr' ; P' — > M' . 

The proof of this lemma is based on a series of simple remarks. 
Remark. 

i) For p G P, let ij, : G — > P be the map ip{g) — pg. Similarly, for p' G P', let 
ip> : G ^ P' be the map ip>{g) = p'g. Then 

a o ip = ia{p)- 

ii) For g E G, let be right translation by g on a principal G-bundle. Since 
a : P P' is G-equivariant, 

Tg o a — a o rg. 

iii) For y G g, if Yp and Yp' are the fundamental vector fields associated to Y 
on P and P' respectively, then Yp' — q;,(Yp). 
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Proof of Hi). For p G P, 

o:*(Yp)p = aJp^{Y) = (a o ip)^Y = ia{p)^Y = {Yp>)a{p). 

Proof of Lemma ||. (^) Suppose 0' is a connection for n' : P' ^ M' , and F G g. 
Then 

a) (a*e')(rp) = e'^yp) = e'(ypO = y. 

b) r;a*e' = a*r;e' = a* (Ad g-i)e' = (Ad g-^)a*e'. 
Hence, a* 9' is a connection for tt : P ^ M . 

{=>) Suppose a*Q' is a connection for tt : P — > M, and 1^ G g. Then 

i) Q'ijp,) = Q'{a,Yp) = {a*Q'){Yp) = Y. 

ii) a*r;e' = r*ga*Q' = {kdg-^)a*Q' = a* {{kdg-^)Q'). 

Since a is a submersion, a* is injective; hence, 

r;e' = (Adg-i)e'. 

So 8' is a connection for tt' : P' ^ M' . 

Returning to the situation preceding the lemma, we wiU identify S' with S. This 
is possible because of the correspondence between forms on P^ and basic forms on 
X P. 

Proposition 9. Let K be the curvature of the connection Q on the S^-equivariant 
principal G-bundle P M . Then the curvature K^. of the induced connection S 
on P^ — > is the following -basic form on 5'^'""'"^ x P: 

KB. = l®K + de®L-e® ixK. 

Proof. 

= 1 (g) de + {d9) (g) L - 9 (g) dL, 
[S, S] = [1 ® e + 6* L, 1 ® e + 6* ® L] 

= i(g)[e,e] + 9(g,[L,e]^9(g, [e, l] 
= i(g)[e,e]-9(g,2[Q,L]. 

To compute a bracket such as [1 ® 8, 6* ® L], first choose a basis ei, . . . , e„ for g 
and write 

e = ^e'e„ L = J2L'e„ 
with 0*, L^ being ordinary forms on P. Then 

[l(g>@,9(gL]^ ^[1 ® e'ci, 9 ® L^'ej] 
= Y,&dLi[e,,e,] 
= -Y,Se'L^[e,,e,] 

= -9[&e,,Liej] 
= -9[e,L] 
= -9(g)[e,L]. 
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Therefore, 

= 1 ® (de + i[e, e]) + (de) ®L-e®{dL + [Q, l]) 

= l(i)K + de®L-e®DL 

= l®K + de®L-9® bxK (by Lemma |). 

Since S is basic with respect to the S'^-action, it follows easily that lxK-e, — 
and LxK-B, — 0. Hence, K-b, is also basic with respect to the S'^-action. □ 

7.2. Equivariant Curvature and Equivariant Characteristic Classes. In 

Proposition ^, the forms S and 9 depend on r, but K and L do not. To indicate 
this dependence, we write Kr for K-e and 9r for 9. Let u,. — d9r. Then, dropping 
the tensor product sign, the curvature of the induced connection on P'' AP' is 

Kr = K + UrL - 9r{Lx{K + it^L)) G Q.*{P''). 

Under the sequence of inclusions 

pi ^ p2 ^ ... pr _^ ... ^ p^^ 

J, J, J, J- 7 

Ml A-P ■■■ Ar ■■■ Msi 

an element in the Weil model of Pgi that restricts to all Kr is 

K^ ■.= K + uL-9{lx{K + uL)), 

where u and 9 now have their usual meaning in the Weil model. Moreover, by ((|§), 
Prop. 3.52), in any dimension k the real cohomology of the homotopy quotient Mgi 
is the inverse limit of H^{M'^) as r — oo. 

Proposition 10. // / is an Ad(G) -invariant polynomial on q, then f{Koo) G 
M^(s) ® f2*(P) is basic with respect to both the -action and the G-action on P. 

Proof. To check that K^o is basic with respect to the S'^-action, we compute for 
X e Lie(S'i): 

i-xKoo = I'xK + uLxL - ix{K + uL) = lxK - lxK = 0, 
^xKao = ^xK + uLxL — 9Lxt-x{K + uL) 

(in the circle case, tixu = ^x^ = 0) 
= (since LxK = O^LxL = 0, and Lxi-x = i-x^x)- 

To check that Koo is basic with respect to the G-action, let Z G 0. Since K and 
L are both horizontal with respect to G, izK^o = 0. 
If g G G, then by the G-equivariance of K and L, 

r;K^ = (Adg-i)ifoo. 

Hence, 

r;/(i^oo) = fir;K^) = /((Ad5-^)i^oo) = /(i^oo). 
Since /(i^oo) is G-invariant, LzK^o — for any Z G g. □ 
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It follows from this proposition that f{K^) is an element of Basicgi (PF(5) 

VL*{P)) that descends to Basicsi (VF(s) ® Vt*{M)). As it is the unique element in 
the Weil model that restricts to f{Kj.) for all r, its cohomology class represents the 
equivariant characteristic class Cf{P). 

Recall that the recipe for going from the Cartan model to the Weil model of the 
equivariant cohomology of a circle action is 

a a — 9{Lxa). 

This shows that the equivariant characteristic class of P ^ M corresponding to an 
Ad((j)-invariant polynomial / on g is represented by f{K+uL) in the Cartan model 
of Hgi (M). In particular, K + uL is the correct notion of equivariant curvature in 
the Cartan model. 



8. The General Case 

Returning to the general case of a compact connected Lie group S, we approxi- 
mate the universal 5-bundle ES BS by principal /S-bundles of finite-dimensional 
manifolds 

ES{1) ^---^ ES{r) ^ ES{r + l) ^---^ ES 

BS{1) ^---^ BS{r) ^ BS{r + l) ^---^ BS 

On each principal S-bundle ES{r) BS{r), choose a connection 6{r). Now fix an 
r and for simplicity write 9 instead of 9{r). 

Let Xi,. . . ,X£ denote the fundamental vector fields on ES{r) corresponding to 
the basis Xi, . . . ,X( fov the Lie algebra s. If ^ = ^ 6iXi, then 

i) o{Xj) = E ei{x,)x, = X, eiiXj) = s^j. 

ii) for s e S, r*9 = (Ad 3-^)6. 

As before, we adopt the shorthand ij = tXi , = , and Li — Lxi ■ 

Proposition 11. Let c^^ he the structure constants of the Lie algebras with respect 
to the basis Xi, . . . ,Xi: [Xi,Xj\ = ^c'l^jX^. If 9 = ^9iXi is a connection on a 
principal S-bundle, then 

Proof. Since 9j{Xk) = Sjk, 

o^i:.,i9jiXk)) 

= {Li9j){Xk) + 9j{LiXk)- 

Hence, 

iZ,9,)Xk = -9,{[X,,Xk]) = -9,iJ2clX„) = -4. 
If L,9, = E bl,9k, then 1j>^ = {L.,9j){Xk) = ~c>k- □ 

Let be an .S-invariant connection on the .S-equivariant principal G-bundle 
■K : P ^ M. Define on ES{r) x P the fl- valued 1-form 



E = l®@ + ^9i(S)Li. 
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Theorem 12. The Q-valued 1-form :z is a connection for the principal G-bundle 

ES{r) X P ^ ES{r) x M. 
Moreover, S is basic with respect to the S-action on ES{r) x P. 

Proof. First we check that S is a connection on ES{r) x P. 

i) Let Z e and let Zp be its fundamental vector field on P. Then the funda- 
mental vector field of Z on ES{r) x P is (0, Zp), because G acts trivially on 
the first factor. Hence, 

E{0,Z*p) = l-e{Z*p) + ^ Z. 

ii) Right-equivariance: 

r;s = 1 r;e + ^ ® r;L, = (Ad5-i)(i e + ^ L,) 

- (Adg-i)S. 

Next we check that S is basic with respect to the S-action. 

iii) Horizontality: 

LX, S = 1 ® tx, e + ^{l-X, Oi) ®L^+^e^® ix, U 

= -1 Lj- + 1 + = 0. 

iv) S'-invariance: 

iLx, S = 1 iLx, f + X! (^^. Lx, Li 

= + ^ -c)^dk ®U + Y.^,® hx„x,] (by Prop. |) 

□ 

Let P'' = ES{r)xsP and = ES{r)xsM. The principal G-bundle P'' AP 
is our finite-dimensional approximation to the principal G-bundle of homotopy 
quotients Ps — > Ms- By Lemma |[ S is the puUback of a connection S' on P^ 
W. We will identify S with S'. 

Proposition 13. Let K be the curvature of the S -invariant connection Q on the 
S-equivariant principal G-bundle P — > M . Then the curvature of the induced 
connection S on P^ AP is given by the following S-basic form on ES{r) x P: 

(6) Ks = l<E}K + ® P^ - ^ 6*, ® hK + J2 ^^^3 ® \L^,LJ]. 

i<j 

Proof. 

dE = l(g)dQ-\- ^{d9i) ® Li-'^e^® dLi. 
[S, S] = [1 ® e + ^ 61, ® Pi, 1®Q + ^6^® Li\ 

= 1 ® [6, 6] + ^ 0, ® [P„ 6] - ^ 0, ® [9, P,] + ^^^3 ® [L„ P,] 

= 1 [6, 6] - ^ 0, ® 2[e, P,] + ^ e.Oj ® [L„Lj] 
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, . . . , ^, 



In the last term, if we sum over only i, j such that i < j, instead of alH, j — 1 
it becomes 

t 

i,j=l i<j 

Hence, 

= l<SiK + ^{d9i) ® L,~^e,® {dL, + [9, L,]) + ^ e,9j >S> [L„ Lj]. 

The final formula now follows from Prop. ^(i). □ 
For simplicity, we drop the tensor product symbol in Eq. (^). Let 

Uk = dOk + ^c^e^Oj 

i<j 

be the curvature of the connection 9 on ES{r) BS{r). We can rewrite (||) as 

k i<j 

i<j k i<j 

(7) + UkLk - J2 ^^'^^ + ^^^1 [^' ' ^^^^Lk- 

i<j i i<j 

The last two terms of ^ can be simplified somewhat, for 

k 

hence, 

[Li, Lj] - Y cfj-^fc = [Lx,,Lx^] - L[x,,Xj] 

k 

= ix^ix^K (by Prop.|(ii)). 
Becaue anticommutes with tj and 9j, OiOjLjii — OiLiOjij and 

Ks=K + Y UkLk - Y + Y 

i<j 

Since is a 0-form, LiLk — for all i. Similarly, since ii' is a 2-form, contracting K 
three or more times with vector fields yields 0, for example, li^Li^ii^K = 0. Hence, 

K^ = {K+Y "fc^fc) - Y ^^'^^ + H "*-^'^-) 

+ Y + Y ^kLk) - • • • 

e 

(8) =l[{l-0,i,){K + Y^kLk). 

As in the circle case, in this formula K^., Oi and Uk are all differential forms 
on and should be more properly written as Kz{r), Oi{r) and Uk{r) to indicate 
their dependence on r. If / is an Ad G-invariant polynomial on g, then f{K~.{r)) 
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represents the characteristic class Cf{P^). Clearly, the element in the Weil model of 
Ps that restricts to all f{K-E,{r)) is f{Koo), where K^o is given by the same formula 
as (|), 

e 

Koo = - + UkLk), 

1=1 

but 6i and Uk now have their usual meaning as elements of the Weil algebra of S. 

The rest of the argument proceeds as in the circle case. The upshot is that /(Xoo) 
is the element in the Weil model of Hg{M) which restricts to the characteristic 
classes Cf(P^) for all r, and therefore represents the equivariant characteristic class 
Cf{P). Under the Mathai-Quillen isomorphism, the corresponding element in the 
Cartan model is f{K + ^ UkL^). 

An clement of the Cartan model (S'*(s*) ® Vl*{M))^ may be viewed as a poly- 
nomial function h : s ^ U,*{M) which is S'-equivariant in the following sense: 

h{{kds)X) = {s-'^)*h{X). 

From this point of view, f{K + ^ UkLk) is the function: s Q,*{M) given by 

(9) X^f{K + Lx) £fl*{M), 

since 

By Prop. I 

L{Ads)x = {s^^)*Lx, 

which shows that K + Lx is 5- invariant and therefore f{K + Lx) is an 5- invariant 
element of S*{5*) ® il*{M). Finally, if we denote the function in (§) by X + L, 
then the element of the Cartan model of Mg corresponding to the equivariant 
characteristic class Cf{Ps) is f{K + L). 
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